INTRODUCTION
In this paper, we are interested in the linear oscillations of an acoustic (i.e. inviscid, compressible, barotropic) fluid contained in a rigid cavity, with some or all of its walls covered by a thin layer of absorbing material able to dissipate part of the acoustic energy of the fluid.
Recently, considerable research has been devoted to the development and testing of noise reduction techniques by passive damping treatments. Many approaches have been proposed. For instance, porous materials have been widely used for noise and vibration control purposes. For example, a study of flexible porous damping materials is presented by Göransson [1] , where a finite element solution is proposed for the coupled acoustic-elastic wave propagation problem. 1 In a related approach, a wall impedance, characterizing the absorptive material, is used to take into account the effect of damping material. Let us mention the papers [2] [3] [4] where a wall impedance is introduced to describe the absorbing boundary conditions at dissipative walls. It can be noted that for a given material, the parameters of this impedance can be found experimentally [5] .
Different fields can be chosen to describe the behaviour of the fluid: pressure, fluid displacement, fluid potential displacement or fluid potential velocity (see, for example, [6] [7] [8] ). In the particular case of dissipative acoustic problem, a pressure/displacement potential formulation in frequency domain of the fluid is given and numerically solved by finite element and modal reduction methods [2] . It should be noted that in this case, the frequency complex dependence does not permit to write the associated problem in time domain. In Reference [3] , a displacement formulation of dissipative acoustic problem is proposed. In this case, one has to pay attention to the discretization of the admissible class of irrotational motions. Special complex treatments are then required (Raviard-Thomas types of finite elements) and this vector formulation can lead to costly computation.
The aim of this paper is to develop a finite element formulation for damped acoustic cavity, which is valid in time and frequency domains using acoustic pressure as main variable. In order to achieve this objective, a new scalar variable is introduced to describe the damping interface namely the normal fluid displacement field. With this new scalar unknown, various interface damping models can be taken into account in the variational formulation. Moreover, the associated finite element matrix system is linear and can be solved in frequency and time domains. This new formulation leads to an unsymmetric matrix equation. A symmetric formulation can be obtained through the introduction of an intermediate unknown field, namely displacement potential of the fluid [6] . Numerical examples are presented in order (i) to validate the new approach through comparison with modal results given in literature, and (ii) to evaluate the influence of the damping model on the dynamic response of the system. In this last case, a modal reduction approach is used in conjunction with a direct time integration method.
DISSIPATIVE ACOUSTIC BASIC LOCAL EQUATIONS
Consider an inviscid compressible barotropic fluid contained in a rigid cavity, with some of its walls covered by a thin layer of a viscoelastic material, in order to absorb part of the acoustic energy of the fluid. Let us denote by F the domain occupied by the fluid. The boundary of F is noted * F = A ∪ R ∪ P , with A the face covered by damping material and called 'absorbing boundary', R the rigid face and P the face where a given pressure p d is applied. The unit outer normal vector along * F is denoted by n. Additionally, the following notations for the quantities associated with the fluid: p for the pressure, u F for the fluid displacement field, F for the mass density and c for the speed of sound.
The local equations of the problem described in Figure 1 are Figure 1 . Dissipative acoustic cavity.
Equation (1a) corresponds to the linearized Euler equations and Equation (1b) represents the constitutive equation of the barotropic fluid. The usual kinematic interface condition for rigid walls, Equation (1c), has been relaxed in the absorbing boundary to take into account the effect of the viscoelastic material represented by Equation (1d). On the right-hand side of this equation, the first term is proportional to the normal component of displacements and accounts for the elastic behaviour of the material, whereas the second one is proportional to the normal velocity and models the viscous damping. Finally, Equation (1e) represents the pressure force applied to the wall P of the cavity.
Starting from these equations, it is possible to obtain a displacement formulation by eliminating p in the previous system. The corresponding admissible space must verify curl u F = 0 in F in order to avoid, in the discretized case, the possible presence of spurious rotational eigenmodes. We refer to Reference [9] for a deep mathematical and numerical analysis of such formulation (throught the use of Raviart-Thomas finite elements).
DISSIPATIVE ACOUSTIC PROBLEM IN TERMS OF FLUID PRESSURE
In order to remove the problem of nonphysical modes and to arrive at a more compact system of equations, the acoustic problem is usually described either in terms of pressure or fluid potential displacement [6] . However, in the case of dissipative acoustic cavity, it is not trivial to express the problem in time domain using only these variables. On the other hand, in frequency domain, and without considering the forcing terms (free motion), the problem can be written only in terms of pressure variable by elimination of u F in Equations (1) but leads to a nonlinear eigenvalue problem as described below. In this case, the pressure is expressed in the form p(x, t) = e t p(x) and the eigenvalue equations are given by
Equation (2a) corresponds to Helmholtz equation in frequency domain (considering = −i ) deduced by the elimination of u F between Equations (1a) and (1b); Equation (2b) represents the rigid boundary condition on R ; and Equation (2c) represents the absorbing boundary condition on A written in terms of pressure field.
Thus, the variational formulation consists in finding and p belonging to the admissible
This formulation corresponds to that one proposed by Kehr-Candille and Ohayon [2] , written here in terms of pressure instead of fluid displacement potential in Reference [2] . In the abovementioned paper, the equation is written in the form:
where is the angular frequency and Z( ) is the specific impedance of the absorbing wall, which is related to the damping parameters. For the Kelvin-Voigt model used in this work, and considering = −i , the specific impedance Z of the viscoelastic material is defined in terms of the coefficients k I and d I in the previous equation through the expression:
The real and imaginary parts of this specific impedance can be experimentally measured for any given frequency . These quantities are the specific resistance and reactance, respectively. It can be noted that in literature, where the time dependence of oscillating quantities is described by e i , the reactance is negative. For more details, the reader can refer to Reference [5] .
Equation (4) shows that the dissipative acoustic problem written in terms of pressure leads to a nonlinear (nor even quadratic) eigenvalue problem and needs specific algorithms for its resolution. Frequency response functions can be obtained by sweeping frequency.
DISSIPATIVE ACOUSTIC FORMULATION IN TERMS OF FLUID PRESSURE AND FLUID NORMAL DISPLACEMENT AT THE ABSORBING BOUNDARY
It has been shown, in the previous section, that the dissipative acoustic problem can be expressed in terms of pressure unknown field in frequency domain and for free motion. In this section, we propose a new formulation, valid for the time and frequency domains, in terms of fluid pressure and fluid normal displacement at the absorbing boundary. In the following, this variable will be noted = u F · n. Thus, the dynamic equations are given in terms of this new variable and pressure p:
Equation (6a) corresponds to Helmholtz equation in time domain; Equation (6b) represents the rigid boundary condition on R ; Equation (6c) represents the absorbing boundary condition on A ; and Equation (6d) corresponds to the relation between fluid pressure and normal fluid displacement on A deduced from the behaviour of the viscolelastic material.
Multiplying Equation (6a) by a time-independent test function p ∈ C p , applying a Green's formula and dividing by F , we have
Similarly, let be the time-independent test function, associated to , belonging to the admissible space C . Multiplying Equation (6d) by ∈ C , we have
Thus, the variational (nonsymmetric) formulation of the acoustic cavity problem with absorbing wall consists, for given appropriate initial conditions, in finding p (with p = p d on P ) and such that Equations (7) and (8) are satisfied.
After discretizing by the finite element method, the bilinear forms of the variational formulation involved in Equations (7) and (8), we obtain the following matrix equation:
5 where H and P are the vectors of nodal values of and p, respectively (a subvector of P being given on P ), and the submatrices of Equation (9) are defined by
The damped vibration modes of the fluid are complex solutions of Equations (7) and (8), of the form p(x, t) = p(x)e t and (x, t) = (x)e t and setting p d = 0 on P . The corresponding matrix quadratic eigenvalue equation is deduced from Equation (9) with P = 0 on P (for sake of brevity, we have not changed the matrix notations):
We can note that the fluid normal displacement at the absorbing boundary can be expressed in terms of the fluid pressure from the first line of Equation (11):
Replacing H by its expression (12) in the second line of Equation (11), we obtain the following nonlinear eigenvalue problem in terms of P:
Equation (13) can be directly obtained through discretizing the pressure formulation given in Equation (3) . Moreover, it can be easily seen that if d I = 0 and k I tends to infinity, eigenvalues of acoustic problem in rigid cavity are obtained. 6 
DISSIPATIVE ACOUSTIC SYMMETRIZED FORMULATION IN TERMS OF ( , p)
In the previous section, a nonsymmetric quadratic eigenvalue formulation has been obtained. The aim of this section is to establish a symmetric formulation of this dissipative acoustic problem in view of a direct treatment by finite elements. This symmetrization is obtained through introduction of an intermediate unknown field [6] : a fluid displacement potential field , defined up to an additive constant, such that u F = ∇ . We shall see in the next section that this problem can be reduced, by means of an elimination procedure, to an eigenvalue problem in terms of ( , p).
The equations of the acoustic spectral problem in terms of ( , p, ) can be rewitten as follows:
The corresponding variational formulation, involving fluid normal displacement at the absorbing boundary, fluid potential displacement field, and pressure can be easily obtained as described below:
• Let be the test function, associated to , belonging to the admissible space C = { | = 0 on p }. Multiplying Equation (14a) by ∈ C and taking into account Equations (14c) and (14b), we obtain
• Multiplying Equation (14e) by a test function p ∈ C p , we have
• Multiplying Equation (14f) by a test function
Then, the variational formulation consists in finding and ( , p, ) ∈ (C , C p , C ) satisfying Equations (15) 
where H, P and are the vectors of nodal values of , p and , respectively, and the submatrices of Equation (18) are defined by
We can note that the fluid normal displacement at the absorbing boundary and the fluid pressure can be expressed in terms of fluid potential displacement from the first and the second line of Equation (18):
Replacing H and P by their expressions, Equation (20), in the third line of Equation (18), we obtain the following nonlinear eigenvalue problem in terms of :
This equation can be obtained directly by using a fluid potential displacement formulation. This formulation has been established by Kehr-Candille and Ohayon [2] . It is clear that this formulation presents the inconvenience that leads to a nonlinear eigenvalue problem which cannot be solved directly.
SYMMETRIC REDUCED MODEL FOR THE DISSIPATIVE ACOUSTIC EIGENVALUE PROBLEM
In this section, in order to obtain a symmetric reduced model for the dissipative acoustic problem, we propose to eliminate the potential fluid displacement in the symmetric formulation given in the last section (Equation (18)). First, the third line of Equation (18) is written as
As the matrix F is not singular (due to = 0 on P ), we can express in terms of H and P from Equation (22):
Substituting by its expression (Equation (23)) in first and second lines of Equation (18), we obtain the following symmetric reduced system in terms of and p:
Case in which P = ∅
In this case, Equation (14d) is removed from the local equations (14a)-(14f). The associated variational formulation is the same as Equations (15)- (17) with admissible spaces without any constraints. In Equation (18), the matrix F is now singular and consequently cannot be eliminated. In order to reduce the problem, we use the procedure described by Morand and Ohayon for elasto-acoustic problem 
F 22 being nonsingular, 2 can be expressed in terms of P, H and 1 using the fourth line of Equation (25):
Substituting this relation for the remaining, the third line of Equation (25) becomes:
It can be shown that [6] :
Thus, Equation (27) can be written as
where matrices a and b are defined by
Finally, replacing 2 by its expression (26) in the two first lines of Equation (25) and using Equation (29), the following matrix system is obtained:
It is important to note that previous reduction is not an approximation but a rigorous condensation procedure.
Reduced eigenvalue problem
The reduced eigenvalue problem (Equation (24) or (31) for the case P = ∅) corresponds in fact to an indirect (via the intermediate displacement potential unknown field) symmetric formulation in terms of and p. In a condensed form, these matrix equations can be written as
In practice, this second-order eigenvalue problem can be solved by transforming it into a system of 2n first-order equations by complementing it with the equality MX − MX = 0, where n is the number of degrees of freedom (d.o.f.) in the system. The extended spectral equation takes the canonical form:
The matrices M, D and K being real symmetric, complex eigenvalues come in conjugate pairs associated with conjugate pairs of mode shapes.
NUMERICAL EXAMPLES
In this section, numerical results are obtained via a specific Matlab code especially developed for this project.
Modal analysis of a square cavity with a damping wall
In order to validate the finite element implementation of the proposed damping formulation, we firstly consider the spectral problem of a square cavity of size (1 m × 1 m) completely filled with air and with an absorbing wall (Figure 2 ). In this example, initially proposed in Reference [3] , the following data are used: F = 1 kg/m 3 , c = 340 m/s, k I = 5 × 10 6 Pa/m and d I = 50 Pa s/m. The last two parameters are average impedance coefficients corresponding to a typical acoustic insulating fabric (a Johns Manville glass wool) in the frequency range (50-500 Hz) (see Figure 3) . In Table I , the first five eigenfrequencies (in Hz) with uniform meshes (quadrangular element) and with increasing number of d.o.f. are presented.
The first and second columns present the eigenfrequencies of the rigid cavity computed from the pressure formulation and compared to the exact solution given in Reference [10] for a rectangular cavity of lengths A and B (here, A = B = 1 m):
This comparison enables us to validate the development of the fluid finite element. The three other columns correspond to the complex frequencies of the damping cavity computed from the ( , p)-symmetric reduced formulation (Equation (31)) and compared to exact solution (last column) given by Bermúdez and Rodríguez [3] . A good agreement between exact and computed values can be observed even for the coarse mesh. In this example, the imaginary part of the frequencies derives from dashpot dissipation. Moreover, the difference between the real part (damped case) and the real value (undamped case) of the frequencies is due to the spring effect.
It can be noted that the first five mode shapes are different in the damped and undamped cases, except for the third one (Figures 4-6 ). This is due to the lack of symmetry appearing in the problem with one dissipative wall.
Modal analysis of a damping rectangular cavity
The second example concerns a 2D rectangular rigid cavity (A = 1 m, Figures 7-9 show the mode shapes and Table II gives the eigenvalues of the discretized problem given in Equation (31). We have computed them with different successively refined uniform meshes. In the last column of the table, the exact eigenvalues given by Bermúdez et al. [9] are included. As it can be seen, our solution converges to the exact one when refining the mesh. In this example, the imaginary part of frequencies is much more important than in the previous example. Here, the real and imaginary parts of the frequencies can have the same order of magnitude for some of the first modes. Table III shows the eigenvalues of the fluid for various boundary conditions: (i) rigid boundary conditions along all edges, (ii) null pressure on P and rigid boundary elsewhere, (iii) null pressure on P , absorbing wall on A , and rigid boundary on R . As it can be seen, the difference between frequencies in the first (1111 d.o.f.) and second (1100 d.o.f.) columns is due to the elimination of the fixed d.o.f. on the left edge where a pressure load is applied. In the third column, where additional normal fluid displacements are taken into account, the real parts of the complex frequencies of the dissipative pipe are close to the frequencies of the rigid pipe. Moreover, the imaginary parts, which are small compared to the real parts, are associated with the damping effect. Equation (18) can be transposed in time domain in a straithforward manner, leading to a standard time second-order matrix system. Let us partition the vector of nodal pressures into P (where the pressure is prescribed) and P (where the pressure is unknown). Similarly, we divide the fluid potential displacement into and , where is given from P using the following relation:
deduced from the linearized Euler equations.
With this separation into known and unknown components, Equation (18) can be transposed in time domain as follows: 
The third and the fifth lines of the previous matrix system are eliminated because they correspond to the known nodal values P and . Using the fourth line of Equation (36),¨ can be expressed in terms of other variables in the following form:
Finally, replacing¨ by its expression (Equation (37)) in the first and second lines of Equation (36) and writing all of the known variables on the right-hand side, we obtain the following symmetric matrix system:
where F and F p are given by
and with: ¨ =−P/ F (see Equation (35)). Figure 12(a) illustrates the effect of the damping wall in the case of harmonic excitation. The addition of an absorbing boundary caused a small shift in some of the resonant frequencies of pipe except for the seventh, which corresponds to excitation frequency (200 Hz). This shift is due to the spring effect of the Kelvin-Voigt model. This figure also indicates that the damping significantly reduced the first resonant peaks, with the largest reductions achieved after the excitation peak. Figure 12 (b) compares the noise levels for the damped pipe using a time integration method applied to the global unsymmetric ( , p) system or a modal reduction technique applied to the symmetric ( , p) formulation presented in Section 7.3.1 using only the 10 first fluid modes. The result improves the procedure of symmetrisation and the performance of modal reduction method.
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CONCLUSION
This paper presents a new formulation for analysis of internal acoustic problem with absorbing walls which is based on the fluid pressure field and the normal fluid displacement on the damped walls. Local equations and corresponding variational formulations leading to a reduced-order symmetric matrix system are presented. Numerical results are presented in order to illustrate the effectiveness of the proposed method. Extension to structural-acoustic problems are in progress [11] and will be presented in further papers.
